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Question 1 /25 marks/ 


(a) For the non-homogeneous linear differential equation 
yf = 4y! + By = 1, 


find the general solution and also the solution y for which y(0) = y‘(0) = 1. 


(b) Find two linearly independent series solutions of the form 


oo 
y= Dana” 
n=0 


for the equation 
(1 —2x?)y" + 2y = 0. 


Question 2 /25 marks/ 


(a) Let be a positive constant. Discuss for what values of \ the two point boundary 
value problem 
uv" +Mu=2, u(0) = u(r) =0 


has 


(i) no solution, 


(ii) infinitely many solutions 


(b) Find all the values of \ for which the boundary value problem 


Ou Ou 

Fae Tale a O0<a<1,0<y<l 
and u(x, y) = 0 on the boundary of the square 0 < <1, 0<y <1, has a nontrivial 
solution of the form u(x, y) = X(x)Y(y). 
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Question 3 /25 marks/ 


The comparison theorem states: 
Suppose a and b are continuous functions such that a(x) < 6(x) for all x, and suppose 


21, 22 are consecutive zeros of a solution u to 
u” + a(x)u = 0. 


Then any solution v of 
v’ + b(x)v = 0 


either has a zero z with z < z < zg or v is a constant multiple of wu. 


Use this theorem to prove 


(a) Every solution of u” + (2+ sinaz)u = 0 has an infinite number of zeros. 


(b) Every solution of uw” + (8 — x”)u = 0 has at least two zeros in the interval [—2, 2]. 


(c) A solution of uw” + (cosa — 1)u = 0 can have at most one zero unless it is identically 


zero. 
Question 4 /25 marks] 


(a) Find and classify all the critical points of the system 


d 

= = -2-—y—22? 
dy 

ee te. OA oe 

di wy 


(b) Rewrite the second order nonlinear equation 


da 
—~— — ¢os(27) = 0 
7p (22) 
as a system of first order equations and sketch the phase-plane trajectories and discuss 


its critical points and periodic solutions. 
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